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Abstract 
The development of the HIFU therapy for the deeply placed cancer such as the liver cancer and brain cancer has been desired. 
One problem is the displacement of the focal point due to the reflection and refraction of ultrasound. In the present study, the 
HIFU therapy for the brain cancer through a skull with a bowl-shape array transducer is performed numerically. Our approach is 
to solve the mass and momentum equations for mixture with the equation of state of media. The nonlinearity is mainly taken into 
account through the equation of state of the media. The three-dimensional controllability of the focal point by the array 
transducer with a phase delay is examined. As the result of the ultrasound propagation through the skull with the phase delay, we 
obtain a clear focal point where the peak pressure is higher than that without the phase delay. Therefore, the array transducer with 
the appropriate phase delay enables to assign the focal point to the target adequately, even if the ultrasound propagates through 
the inhomogeneous medium as a human skull. 
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1. Introduction 
High Intensity Focused Ultrasound (HIFU) therapy is one of the valuable non-invasive cancer treatments, which 
provides the heat coagulation of tissue around the focal point of ultrasound. HIFU therapy has been applied for the 
cancer close to the body surface such as the breast cancer and prostate cancer. The development of the HIFU therapy 
for the deeply placed cancer such as the liver cancer and brain cancer has been desired. However there are two 
problems. One is the attenuation of ultrasound due to the tissues and the other one is the reflection and refraction of 
ultrasound at the interface of the tissues. The micro-bubble enhanced HIFU therapy has been proposed as a solution 
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for the former problem 0. The microbubble used as the ultrasonic contrast agent improves the efficiency of the 
energy transfer from the acoustic energy to the heat. On the other hand, an array transducer is a key of the later 
problem. The position control of the focal point using an array transducer is possible. Since it is difficult to estimate 
the phase delay of arrays preoperatively, the numerical simulation will perform for the prediction of the focal point 
of ultrasound propagating through the inhomogeneous media i.e. human body, and suggest the appropriate phase 
control of the array transducer. 
 
For this purpose, HIFU simulation system as shown in Fig.1 has been developed in the present study. A voxel 
phantom of human body is constructed from the CT/MRI images of a living human body. On the other hand, the 
shape of the transducer defined by CAD is represented by the volume data of the signed distance function. Then, the 
ultrasound propagation from the transducer through the voxel phantom of human body is performed numerically. 
Thus, the HIFU simulation system will support the preoperative planning of the HIFU therapy as well as the 
improvement of the design of the devices. 
 
In this article, firstly, basic equations to represent the ultrasound propagation through an inhomogeneous media 
are described. Our approach is to solve the mass and momentum equations for mixture with the equation of state for 
the media. In addition, to examine the temperature distribution around a focal point, the heat equation for mixture is 
solved with the viscous dissipation as a heat source. Next, a numerical method based on the finite difference method 
and numerical settings are mentioned briefly. Then, the simulation results of the HIFU therapy for the brain cancer 
through a skull with a bowl-shape array transducer are shown. The estimation method of a phase delay and the three 
dimensional controllability of the focal point by the phase delay is discussed. 
 
 
 
Fig.1 Schematic diagram of the HIFU simulation system. 
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2. Basic equations 
To reproduce the HIFU therapy, the ultrasound propagation through an inhomogeneous media such as a human
body should be described. We solve the mass and momentum equations for mixture with the equation of state for the
media as bellow. The advection term assumes to be neglected because of the small acoustic Mach number.
Introducing the mixture density U and the adiabatic sound speed of mixture smc derives the mass conservation
equation for mixture
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respectively. In the mass conservation equation, (1), the right hand side is the sound source corresponding to the
volume change model of the piezoelectric device due to the change of the electric potential.
In the ultrasound propagation, with considering the longitudinal wave with the viscous attenuation, the
momentum equation is described as 
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where the deformation tensor is defined bye
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and m9 is the bulk viscosity, mP the shear viscosity. These coefficients are determined by the harmonic average
with the volume fraction of media.
To take into account the nonlinear effect due to the equation of state of the media, Tait’s equation is employed
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where  and 1A J  are defined as 
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B A is the non-linearity coefficient 00.
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In addition, to examine the temperature rise around a focal point, the heat equation for mixture is solved
m pm m m
j j
T TC
x x
U N
W
§ ·w w w )¨ ¸¨ ¸w w w© ¹
, (8)
which includes the heat source of the viscous dissipation m)  described as 
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During the propagation of the ultrasound through the mixture, the temperatures for each media adiabatically
change in the propagation time scale. But the temperature fluctuation of the adiabatic change is much smaller than
the temperature increase due to the viscous dissipation from the view point of the time scale for the heat coagulation.
Although the viscous dissipation oscillates in the propagation time scale, the viscous dissipation increases in the heat
coagulation time scale linearly. Therefore, the heat coagulation time scale W , which is larger than the propagation
time scale t , is introduced for the heat equation, (8), to estimate the temperature rise at the focal point.
3. Numerical method and settings
The numerical method is based on the finite difference method in the present study. The basic equations are 
discretized spatially by the 4th-order central finite differential method. The finite-difference time-domain (FDTD)
technique 0 is employed for the time marching. Perfectly Matched Layer 0 is applied to avoid the reflection of
ultrasound at the boundary. It is confirmed that the present numerical cord gives the 4th-order accuracy in space and
2nd-order accuracy in time.
An array transducer, as shown in Fig.2, is planned to be employed for experiments, which includes 61 pen type
piezo transducers with the diameter of 10mm and the frequency of 1MHz. The HIFU therapy for the brain cancer
with the array transducer is considered as shown in Fig.3, where the simplified model of the array transducer is
arranged in the numerical domain. The shape of the transducer defined by CAD is represented by signed distance
function, which produces the volume fraction of piezo elements through the smoothed Heaviside function. The size
of the numerical domain is 120mm ൈ ͳ͸Ͳ ൈ ͳʹͲ     ͸ͲͲ ൈ ͺͲͲ ൈ ͸ͲͲ Ǥ In 
addition, the numerical domain is decomposed by 32(=2 ൈ Ͷൈ Ͷሻ     Ǥ The voxel
modeled skull head is represented by the volume fraction of the skull bone which is estimated from the Hounsfield
unit of CT data 0. The physical properties of tissues given in Table.1 are employed for the simulation. The viscosity
of brain assumes to be PB=0.100Pa.s, because the attenuation coefficient of brain is 100 times larger than that of
water.
Fig.2 Array transducer includes 61 pen type piezo transducers
with the diameter of 10mm, the focal distance of 85mm and the 
Fig.3  Arrangement of the array transducer against a skull. The 
numerical domain is indicated by the box with the distribution of
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frequency of 1MHz. the volume fraction on a cross section.
Table 1. Physical properties of tissues 0
Medium o
p Properties Brain Cortical Bone
Sound speed, sc (m/s) 1560 3635
Density, U (kg/m3) 1040 1920
Non-linear coefficient
B/A, 7.1 -
Specific heat capacity, 
(J/kg.K)pC
N
3640 1300
Thermal conductivity,
(W/m.K) 0.540 0.790
4. Results and discussion
The ultrasound propagation through the skull without the phase delay is simulated. The instantaneous pressure
and maximum pressure distribution are shown in Fig.4, which are visualized by a volume rendering method. The
probe indicates the target point which corresponds to the geometrical focal point. As shown in Fig.4(a), the
ultrasound doesn’t focus uniformly owing to the skull. The focal point is diffuse and moves toward the transducer.
Naturally, the temperature increases away from the target point, as shown in Fig.5. Thus the inhomogeneous media
causes the displacement of the focal point, i.e. the treatment region. Therefore, the control of the focal point by the
array transducer with the appropriate phase delay is required for the highly non-invasive cancer treatment.
(a)  (b) 
Fig.4  Distribution of the (a) instantaneous pressure and (b) maximum Fig.5 Distribution of the instantaneous temperature at W=128s
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pressure at t=128Ps. Ultrasound of 1MHz propagates through the skull 
without the phase delay (pmax = 2.50MPa).
('W=106't, Tmax=9.18K).
The estimation method of the phase delay is mentioned as follows. Firstly, the ultrasound is emitted from the
geometrical focal point as a target point, which is received by the array transducer as shown in Fig.6. Figure 7 shows
the profiles of the received pressure at the center piezo and one of outer piezo, in which both the phase and the 
amplitude of pressure are not corresponded owing to the propagation through the inhomogeneous media. Secondary,
cross-correlations of pressure profiles of the every piezo element np with that of the center piezo are taken 
by
centp er
     center n center np p p t p tW  ³ dtW . (10)
Then, the phase delay W is chosen to take the cross-correlation maximum. Finally, the map of the phase delay for
each element is obtained as shown in Fig.8 and is applied to the numerical simulation.
The results in the case of the ultrasound propagation through the skull with the phase delay are shown in Fig.9
and Fig.10. As shown in Fig.9, the ultrasound focuses on the target adequately. The maximum pressure increases by
25% compared to the maximum pressure without the phase delay. That is the efficiency of focusing is improved.
Naturally, the temperature distribution is also improved as shown in Fig.10. Thus, the array transducer enables to
assign the focal point to the target by the appropriate phase delay, even if the ultrasound propagates through the
inhomogeneous media like a skull.
Fig.6 Emission of the ultrasound of 1MHz from the target point. The distribution of the instantaneous pressure on the cross section.
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Fig.7  Received pressure profile at center piezo of No.54(red) 
and at one of outer piezo of No.01(blue)
Fig.8 Phase delay for each piezo elements.
 (a)  (b) 
Fig.9 Distribution of the (a) instantaneous pressure and (b) maximum
pressure at t=128Ps. Ultrasound of 1MHz propagates through the skull 
with the phase delay (pmax = 3.10MPa).
Fig.10 Distribution of the instantaneous temperature on the cross 
section at W=128s('W=106't, Tmax=10.0K).
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5. Conclusion 
The HIFU simulation system, which employs both the voxel phantom constructed from the CT/MRI images of 
the living human body and the volume data of the signed distance function representing the transducer defined by 
CAD, was developed in the present study. The HIFU therapy for the brain cancer with the array transducer was 
considered as an example. The ultrasound propagation from the array transducer through the skull was performed 
numerically. Although the results without the phase control showed the displacement and diffusion of the focal point 
due to the inhomogeneity of the body, the clear focal point was obtained by the array transducer with the appropriate 
phase control provided by the pre-computation. Therefore, the array transducer with the appropriate phase delay 
enables to assign the focal point to the target adequately, even if the ultrasound propagates through the 
inhomogeneous medium as a human skull. 
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